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Abstract 



^^' In 1956 Dyson analyzed the low-energy excitations of a ferromagnet 

using a Hamiltonian that was non-Hermitian with respect to the stan- 
dard inner product. This allowed for a facile rendering of these excita- 
tions (known as spin waves) as weakly interacting bosonic quasi-particles. 
More than 50 years later, we have the full denouement of non-Hermitian 
QQ ■ quantum mechanics formalism at our disposal when considering Dyson's 

\^ ' work, both technically and contextually. Here we recast Dyson's work 

Xf^ , on ferromagnets explicitly in terms of two inner products, with respect to 

which the Hamiltonian is always self-adjoint, if not manifestly 'Hermitian'. 
(<-^ I Then we extend his scheme to doped antiferromagnets described by the 

f^ . t— J model, in hopes of shedding light on the physics of high-temperature 

superconductivity. 

k> ■ 1 Introduction 

jrt , A major goal in condensed matter physics is to represent the low-energy 

" ■ ■ physics of strongly interacting quantum many-body systems in terms of 

weakly interacting quasiparticles that are either bosonic or fermionic [T]. 
In a seminal paper Dyson [6] showed that a Heisenberg ferromagnet could 
be represented as a theory of weakly interacting bosons called magnons 
or spin waves; this representation allowed thermodynamic calculations of 
unprecedented accuracy. 

Dyson's formulation had the unorthodox feature that the bosons were 
governed by a Hamiltonian that was superficially non-Hermitian. More 
precisely there were two inner products at work in Dyson's representa- 
tion of a ferromagnet. First, there was what we will call the "kinematic 
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inner product" with regard to which the boson creation and annihilation 
operators were adjoints of each other. In other words, this was the in- 
ner product with regard to which the quasiparticles were bosons. Second 
there was the "dynamical inner product" with regard to which the Hamil- 
tonian was self-adjoint. Conversely, however, the quasiparticles were not 
bosonic with respect to the dynamical inner product and the Hamiltonian 
was not self-adjoint with respect to the kinematic inner product. 

By contrast the conventional approach is far more restrictive in that 
there is only a single inner product with regard to which the quasiparti- 
cles are defined and with regard to which the Hamiltonian and all other 
physical operators must be self-adjoint. In this paper we explore whether 
Dyson's more flexible concept of non-Hermitian quasiparticles can be more 
broadly applied, particularly to problems that have so far resisted con- 
ventional Hermitian analysis. 

The t — J model is believed to capture the essential physics of the 
cuprate super-conductors, which represent one of the grand unsolved puz- 
zles of theoretical physics [lOj . In this chapter we apply non-Hermitian 
quantum mechanics to this model and obtain a representation of its low 
energy physics in terms of a Dyson boson and a Dyson fermion. By design 
these quasiparticles are defined with respect to a kinematic inner prod- 
uct; the Hamiltonian that governs them is not self-adjoint with respect 
to the kinematic inner product but with respect to the dynamical inner 
product. An outline of the paper is as follows. First we review Dyson's 
work on ferromagnets, highlighting the role of the two inner products. 
We then adapt the analysis to antiferromagnets, a useful prelude to the 
study of the t — J model. In the following section we describe a spin s 
generalization of the t — J Hamiltonian (the physical case relevant to the 
cuprates is s = 1/2). A natural and convenient way to write the t — J 
Hamiltonian is to use a super-algebra that is a super-symmetric gener- 
alization of the su(2) angular momentum algebra [12] ■ After presenting 
this supersymmetric formulation of the t — J model we finally write the 
problem in terms of non-Hermitian quantum mechanics. The presentation 
here closely follows that in [8]. 

2 Magnets 
2.1 Single spin 

A single spin has 2s 4- 1 basic states \s,m > where s is the total spin and 
m is its ^-component, s is the same for all states of the multiplet and 
m = — s, . . . , s. These states are assumed to be orthonormal 

< s,m\s,m' >= Smm'- (1) 

The spin-operators Sz , S+ and S- obey the angular momentum algebra 

[S+,S-]^2S„ [S+,S,]=-S+, [S-.,S4=S-, (2) 

where, as usual, the spin-raising operator S+ = Sx + iSy and the spin- 
lowering operator S^ = Sx — iSy. As shown in textbooks, the effect of 
these operators on the basis states \s,m > is 

S+\s,m> = (s — m)"""' (s + m-l-1)^' \s,m+l>, 
S-\s,m > = (s — m + 1) ' (s + m) ' |s,m — 1 >, 
Sz\s,m> = mjs,?n>. (3) 



Dyson introduced an alternative set of basis states 
\u >= Fu\s,—s + u> 



(4) 



where u = 0, . . . , 2s. The state jO > corresponds to having the ^-component 
of the spin maximally down; the states |1 >, |2 >, |3 >, . . . correspond to 
raising the ^-component by increments of one. These states are orthogonal 
but not normalized 



<u\v >= F^5u,v 

The normalization factors Fo = 1 and 



Fu=\l 
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(6) 



for u = 1, 2, . . . 2s. _Fu is judiciously chosen to map the spin-raising oper- 
ator 5+ to the bose creation operator h\ as will be seen below. 
Making use of eqs Q , (|4]) and ((Gjl it is not difficult to show 



S+\u > — VzsVL 



S-\u> = V2i 



1- 



u-1 



2s 



S-,\u> = (-s + u)\u> 



^/u\u — 1 >, 



(7) 



Now consider a different Hilbert space with two operators h and h^ 
that are the adjoints of each other under a certain inner product, the 
"kinematic inner product". These operators are assumed to satisfy the 
bose commutation relations 



\b,b' 



1. 



(8) 



Provided the kinematic inner product is positive definite it follows in- 
exorably by standard textbook arguments that the basic states in this 
Hilbert space form an infinite ladder \u) with u = 0, 1, 2, . . . The state |0) 
has the defining characteristic 



fojO) = 0; 
we say this is a state with zero bosons. The state 



(6T)"10) 



(9) 



(10) 



is said to contain u bosons. These states are orthonormal under the 
kinematic inner product 

(M|u)km = 5u,v (11) 

and the effect of the bose creation and annihilation operators on these 
states is 

feV) = ^^TT]?i-hl), 

6|w) = y/u\u—l), 

h h\u) = u\u). 



(12) 



Following Dyson, we now establish a mapping between the space of 
spins and the bose oscillator space by identifying the spin state |m > with 
the boson state |u). Thus 

\u >^ \u) (13) 



for It = 0, ... ,2s. States with more than 2s bosons have no spin space 
counterpart. 

Dyson's mapping allows us to export the inner product of the spin 
space to tlie bose space. We call this induced inner product the dynamical 
inner product. Explicitly 



{u\v) 



dyn 






(14) 



for u = Q, . . . , 2s. We take _F„ = for u > 2s. Thus states with more than 
2s bosons are "weightless". 

Dyson's mapping eq p3|l also allows us to establish the following cor- 
respondence between spin and bose operators 



S+ 
S- 



'2sb^ 



'2s 



2s" 



b, 



-s + Wh. 



(15) 



This correspondence follows from comparison of eq (O and ()12|) . h and 
&^ are not the adjoints of each other under the dynamical inner product. 
Since we are denoting the adjoint with respect to the kinematic inner 
product as ^, let us signify the adjoint with respect to the dynamical 
inner product by *. We can then see for example that 



and 



(fotfe) 






(16) 
(17) 



2.2 Heisenberg Ferromagnet 

We now consider a two-dimensional Heisenberg ferromagnet in which the 
spins occupy the sites of a square lattice. Thus the lattice sites (m, n) have 
position vector Vmn = maex + naey where e^ and By are unit vectors along 
the X and y axes, m and n are integers, and a is the lattice constant. Each 
site has four nearest neighbors. The site {m, n) has neighbors located at 
TCmn + S where 8 = aex, aSy, —ae^ and —aey respectively for the four 
neighbors. We denote the spin operator at position r as 5+(r),5'_(r) 
and Sz(r). Operators at a given site are assumed to obey the angular 
momentum algebra eq ([5}; spin-operators at different sites are assumed 
to commute. We consider a spin s ferromagnet so the basic states at each 
site are a spin multiplet of 2s-f 1 states. The Hamiltonian for a Heisenberg 
ferromagnet is 

J 



Hp = -^^^[5.(r)S.(r + J) 



^S+{v)S-{r + d) + ^S+{r + S)S.{v) 



(18) 



Thus each spin is coupled to its nearest neighbors. We assume the ex- 
change constant J > 0. 

Now consider a system of bosons b{r) and b^{r) that live on a square 
lattice in two dimensions (lattice constant = a). The operators 6(r) and 



b^(r) are assumed to be adjoints of each other under the kinematic inner 
product. They are assumed to obey the bosonic commutation relation 

[b{r),b\r')]^S,y. (19) 

Thus 6^(r) creates bosons at site r; &(r) annihilates them. We may now 
represent the ferromagnetic Heisenberg Hamiltonian eq psp in terms of 
bosonic quasiparticles by using Dyson's mapping. From the correspon- 
dence eq (|15|l between spin and bose operators we obtain the bosonic 
form of the Heisenberg Hamiltonian 

■Hf = ^^[26t(r)6(r)-&t(r)fo(r + 5)-6t(j. + 5)b(r)] 

r,S 

+ J ^[&t(r)6t(r + 8)h\v + 8) + b\v)h\r + <5)&'(r)] 

T.6 

- ^Y^b\v)h{v)b\v + 6)b{v + 6). (20) 

Note that the boson Hamiltonian Hf is not self-adjoint under the 
kinematic inner product {Up 7^ T-Lf) due to the terms in the second line 
of eq (|20|l . However it is self-adjoint under the dynamical inner product 
{H*f=Hf). 

2.3 Heisenberg Anti-ferromagnet 

A Heisenberg anti-ferromagnet is simply a ferromagnet with J < 0. An 
equivalent but more convenient description of the Heisenberg anti-ferromagnet 
on a square lattice is the following: Imagine two interpenetrating square 
lattices, the site labelled (m, n) on the first lattice is located at ri {m, n) = 
masx + naey. Here m and n are integers. The sites of the second square 
lattice are displaced from those of the first by {a/2)ex + {a/2)ey. Thus the 
site labelled (771,71) on the second lattice is located at V2 = (7Ti-|-l/2)aea;H- 
(n -|- l/2)aey. Regardless of the lattice on which it sits, each site has four 
nearest neighbors. The displacements from a given site to its four near- 
est neighbor sites are S\ = {a/2)ex + {a/2)ey, 62 = {a/2)ex — {a/2)ey, 
S3 = —{a/2)ex + {a/2)ey, and ^4 = —{a/2)ex — (a/2)ey. We imagine 
there is a spin at each site and that the spin at each site is antiferromag- 
netically coupled to its nearest neighbors. Thus the Hamiltonian for a 
Heisenberg anti-ferromagnet is 



Ha = jY,[S'^^\v)Sf\v + 5) 



\st\v)S^y{v + 5) + \sf{v + <5)sW(r)]. 

(21) 

The sum over r in eq (|21|) extends over the sites of the first lattice; the sum 
over 5 extends over the four nearest neighbor displacements enumerated 
above. The superscripts ^^' and "' over the spin operators serve to remind 
us that the spin is on lattice one or lattice two respectively. 

For the Heisenberg ferromagnet the exact ground state is that all the 
spins point maximally down along the z-axi^J. In Dyson's boson represen- 
tation the ferromagnetic ground state is the state in which no bosons are 



^Or along any other direction. The ground state of a ferromagnet spontaneously breaks 
rotational symmetry and thus there is a manifold of equivalent ground states. 



present. Anti-ferromagnets present an altogether more formidable prob- 
lem. The exact ground state for an anti-ferromagnet is not known except 
in one dimension for the case of spin s = 1/2. The ideal 'Neel state' is 
one in which the spins on the first lattice are maximally down along the 
2-axis and the spins on the second lattice are maximally up along the z- 
axis. The Neel state is not the exact ground state of the anti-ferromagnet 
but it is believed to be qualitatively similai[j and therefore a good start- 
ing point from which to obtain a more accurate picture of the ground and 
excited states of a Heisenberg anti-ferromagnet. Thus in representing an 
anti-ferromagnet in terms of Dyson bosons we shall take the Neel state to 
be the one with no bosons present. 

To this end we establish a second mapping between a single spin and 
a single bose oscillator. In this second "anti-Dyson" mapping a state with 
spin maximally up is to be identified with the state of zero bosons. Thus 
we introduce the anti-Dyson basis for a spin multiplet 



\u, A >— Gu\s, s — U > 
where w = 0, . . . , 2s. The normalization constant Go ~ 1 and 



G„= 1 



2s 2s 



1- 



u-1 



2s 



-1/2 



(22) 



(23) 



where u = 1, 2, . . . , 2s. Gu has been judiciously chosen to ensure that the 
spin raising operator S+ maps to the bose annihilation operator fe, as will 
be seen below. 

Making use of eq ((Sjl , eq (|22|l and H23|) it is not difficult to show 



S+\u;A> = V2sVu\u-l;A>, 

SJu;A> = ^/2s^^TT [l - :^ 

L 2s 

S^\u;A> = {s-u)\u-A>. 



i;^>, 



(24) 



We may now establish an anti-Dyson mapping between spins and bose 
oscillators by identifying the spin state \u;A > with the bose oscillator 
state I It). Thus 

\u;A>^\u) (25) 

for u = 0, . . . , 2s. States with more than 2s bosons have no spin space 
counterpart. The anti-Dyson mapping allows us to export a dynamical 
inner product to the bose space as before. The remarks made earlier about 
this dynamical inner product apply mutatis mutandis [see the paragraph 
surrounding eq (|14p ]. 

The anti-Dyson mapping eq ((25| also allows us to establish a second 
correspondence between spin and bose operators 



s+ 


— >• 


V2sb, 


S- 
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s/2'sb^ 
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— )> 


s - fetfo 



1- 



27 



(26) 



This correspondence follows from comparison of eqs (|24|l and (|12|l . 
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in two dimensions if next nearest neighbor interactions act to frustrate Neel ordering. 



Equipped with the second Dyson mapping we now return to the Heisen- 
berg anti-ferromagnet. We consider two interpenetrating square lattices 
as above and assume that there are two kinds of lattice bosons. One kind 
lives on the sites of the first lattice: 61(ri) creates this kind of boson at site 
ri; &i(ri) annihilates it. The other kind live on the second lattice and are 
created and annihilated by 62 (''2) and 62(1^2) respectively. These creation 
and annihilation operators are adjoints of each other with respect to the 
kinematical inner product and are assumed to obey bosonic commutation 
relations 

Mr),b,ir')]^5,y5,, (27) 

where i and j equal 1 or 2. 

We may now represent the Hamiltonian for the Heisenberg Hamilto- 
nian eq (|2ip in terms of bosonic quasi-particles using Dyson's mapping 
between spins and bosons, eq (|15p on the sites of the first lattice and using 
the anti-Dyson mapping eq (|26|) on the sites of the second lattice. This 
strategy ensures that the Neel state corresponds to the boson vacuum and 
yields a bosonic form of the Heisenberg Hamiltonian 

Ha = JsY,[b\{r)bi{r) + bl{r + S)b2{r + S)] 

r,S 

+ JsY,lbl{r)bl{r + S) + b2{r + S)bi{r)] 

r,S 

- jY,b\{r)bj{r)bl{r + d)b2{r + d) 

- ^J2^lir)blir + d)bl{r + S)b,{r + S) 

r,S 

- |^&l(r)fei(r)fei(r)&2(r + <5). (28) 

r,S 

Note that the boson Hamiltonian "Ha is not self-adjoint under the kine- 
matic inner product (H^ 7^ Ha) due to the terms in the last two lines 
of eq (|28|l . However it is self-adjoint under the dynamical inner product 
{Ha = Ha)- A Hamiltonian of this form was introduced and analyzed in 
ref [7]. 

3 Doped Magnets 

A typical cuprate such as La2-iSrj:Cu04 consists of stacked planes of Cu 
atoms. Within a plane the Cu atoms are arranged in a square lattice. In 
the pure compound La2Cu04 there is one electron available per Cu atom. 
If electron-electron interactions were weak the electrons could hop from 
atom to atom via tunneling. However in the cuprates the electron-electron 
repulsion is strong, forbidding double occupancy of the Cu sites. Each site 
is therefore occupied by a single electron. The electrons are locked in place 
and immobile. A material like this is called a 'Mott insulator'. The only 
degree of freedom is the electron spin that can point up or down at each 
site. The decidedly unequal competition between hopping and electron- 
electron repulsion tends to make the spins align anti-ferromagnetically. 
The undoped cuprates may therefore described by the antiferromagnetic 
Heisenberg Hamiltonian. (See for example |llj.) 

In the doped compound La2-iSra;Cu04 there are only 1 — x electrons 
per site and therefore a fraction x of the sites are unoccupied. The absence 



of electrons ("holons") can hop and when the density of holons is suffi- 
ciently high the materials are observed to exhibit strange metallic and 
then superconducting behavior. The competition between hopping and 
electron-electron repulsion for the doped compounds is described by the 
t— J Hamiltonian. In the next section the t — J Hamiltonian is formulated 
in a way that is particularly well suited to our present purpose. 

3.1 Supersymmetric formulation of t — J Model 

In the parent compound there are two possible states for each site: spin 
up or spin down. In the doped material each site has three possible 
states: spin up, spin down or missing electron. The missing electron 
state corresponds to zero spin and a positive charge -f e on the site. In the 
following it will be useful to consider a spin-s generalization wherein there 
are 4s -I- 1 states per site. The site may either be in one of the 2s -I- 1 states 
|s, m > with m — — s, . . . , s or in one of the 2s states \s — 1/2, ?n > with 
m = — (s — 1/2), . . . , s — 1/2. If the site is in a spin s state, \s,m >, the 
total spin is s, the z-component of the spin is m and the site is assumed 
to have no charge. On the other hand if it is in a spin s — 1/2 state, 
\s — 1/2, m >, the total spin is s — 1/2, its z-component is m and the site 
has a positive charge +e due to the lack of one electron. In summary, 
whereas the basic states per site of a spin s magnet are a single spin 
s multiplet \s,m >, the basic states per site for our t — J model are a 
"super-multiplet" : a pair of multiplets with spin s and spin s — 1/2. The 
physically relevant case is s = 1/2. 

Having specified the basic states at each site we must now describe the 
basic operators out of which the t — J Hamiltonian will be built. For a 
magnet these operators are S+, S- and S^. They satisfy the su(2) angular 
momentum algebra eq ^ and their action on the states \s,m > of a spin 
s multiplet is well-known eq Q. Now it turns out there is a super-algebra 
that is a natural generalization of the su(2) algebra and the t — J model 
can be written (super)naturally in terms of the elements of this algebra; 
this appears to have been first noted by Weigmann [T2] , and subsequently 
solved exactly in one dimension by Bares and Blatter [3]. 

The super-algebra has eight elements. Six of them are raising and low- 
ering operators (also known as Weyl elements): S+, S-,R+,R-,T+ and 
T-. The remaining two are the Cartan elements A and Sz. Since this is 
a super-algebra the elements may also be grouped differently into comnmt- 
ing elements (5*+ , S-,Sz,A) and anti-commuting elements {R+ , R- ,T+,T-). 
Just as the su(2) algebra is defined by the commutation relations of its 
elements eq ([2}, so the super-algebra is defined by the commutation or 
anti-commutation relations amongst all pairs of its elements. First, there 
are the diagonal Weyl element relations: 

[S+,S-] = 2Sz, 
{R+,R-} = A + Sz 
{T+,T-} = A-Sz (29) 

As usual square brackets denote commutators; curly brackets, anti-commutators. 



Next there are the off-diagonal Weyl commutation relations 

[S+,R+] = -T+, [S-,R+]^0, 

[S+,R-]=0, [S-,R-]=T., 

[S+,T+]=0, [S-,T+] = -R+, 

[S+,T-] = R^, [S-,T-]=0, (30) 

and the off-diagonal Weyl anti-commutation relations 

{R+,T+} = 0, {R.,T+} = S+, 

{R+,T.} = S+, {R-,T.} = 0. (3f) 

The Cartan elements A and Sz commute with each other; [A, Sz] = 0. 
The final set of defining relations are the commutators of the Weyl and 
Cartan elements: 

[S+,Sz] = -S+, [S+,A]=0, 

[S-,Sz] = S-, [S-,A]=0, 

[R-, Sz] ~ —2^-^ [R-,A] — ^R-, 

[T+,Sz]^-^T+, [T+,A]^-^T+, 

[T- , Sz] = ir_ [T_ , A] = \T- . (32) 

These relations serve to define the algebra. 

Now let us describe the action of the algebra elements on the states of 
a super-multiplet. S+ and S- simply raise and lower the z-component of 
the spin in either multiplet: 

S+\s,ra> = (s — 77i)'(s-f-m+l)"'"'|s,m+l>, 
S+\s- 1/2, m> = {s-l/2~mf^'^{s + l/2 + mf''^ 
\s- 1/2, m + 1 >, 
S-\s,m > = (s — m+l)'(s-f m) ' \s,m — 1 >, 
S-\s-l/2,m> = (s + 1/2 -771)^/^(5- 1/2 + m)^/^ 

|s-l/2,m-l>. (33) 

R+ and R- switch states between multiplets 

R+\s,m> = (s + m)^/^|s-l/2,m- 1/2 >, 
R+\s- 1/2, m> = 0, 

R-\s,m > = 0, 
R-\s-l/2,m> = {s + 1/2 + my/^\s,m+ 1/2 > . 

(34) 

Note that R+ lowers the ^-component of spin by half when it changes from 
spin s to spin s — 1/2. T+ and T_ also switch states between multiplets 

T+\s,m> = (s-m)^/^|s- l/2,m+ 1/2 >, 
T+\s~ 1/2, m> = 0, 

T-\s,m> = 0, 
T-\s-l/2,m> = (s + l/2-m)^''^|s,m- 1/2 >, 

(35) 



but whereas R+ lowers the z-component by half, T+ raises it. Finally the 
states of the super-multiplet are eigenstates of A and Sz 

A\s, m > — s\s,m >, 

A\s- 1/2, m> = (s + l/2)|s-l/2,m>, 

Sz\s,m> — m\s,m>, 

Sz\s~ 1/2, m> = m|s-l/2,m>. (36) 

Thus the A value distinguishes the multiplets; the 5*2 value specifies 
the state within the muhiplet. Eqs (I33J, (EH), (E3 and ((33 fully de- 
scribe the action of the super-algebra elements on the states of the super- 
multiplet. The normalization factors in these equations follow inexorably 
from the commutation and anti-commutation relations that define the 
super-algebra. Note that the action of 5*+ , 5*- and Sz is exactly as one 
would expect from the textbook theory of angular momentum; this is be- 
cause these operators constitute an su(2) subalgebra of our super-algebra. 
We can now write the t — J Hamiltonian in supersymmetric form 

Ht-j = -TY,[R+{r + S)R-{r) + R+{r)R-{r + S) 

+T+ (r + d)T- (r) + T+ (r)r_ (r + <5)] 
+jJ2[Sz{r)Szir + S)- {A{r) - 2s}{A{r + S) - 2s} 

T,S 



+ ^S+{r + S)S-{r) + ls+{r)S-{r + 5)]. 



(37) 



(For the traditional/non-supersymmetric expression, see for example sec- 
tion 3.2 of [2].) We assume the super-spins occupy the sites of a square 
lattice in a plane. The lattice position vectors are r = maex + naey where 
m and n axe integers and the sum over r in eq H37|) is over m and n. S 
denotes the four nearest neighbor displacements zizae^ and iae^; the sum 
over S in eq H37p is over these four values. The super-spin operators at 
different sites are assumed to commute and at a given site they are as- 
sumed to obey the super-algebra defined by eqs ((29)l . (f30)l . (131) and (f32)l . 
Thus the t — J Hamiltonian couples super-spins at neighboring sites. 

Finally a word about the symmetry of the Hamiltonian, Ht-j. The 
Heisenberg Hamiltonian Hp eq (|18p has rotational symmetry. Formally 
this is demonstrated by defining the total spin operators 

5r = E*^+w (38) 



(and 51°* and S!:°* similarly) and verifying that [Hp, 5+*] = (as well as 
[HF,S*f*'] = and [Hf,SI°^] = 0). In the same way we can define the 
total super-spin operator 

r 

and similarly for all other elements of the super-algebra. For the i — J 
Hamiltonian to be supersymmetric it would have to satisfy [Ht-j, -R+'] = 
0, [Ht-j, S^^] — and so on for all eight elements of the super-algebra. 
This condition is not met except for special values of the parameters 
t and J, namely |2r| = \J\. The t — J Hamiltonian is certainly not 
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supersymmetric for the experimentally relevant values. Thus although 
the Hamiltonian is built out of supersymmetric algebra elements it is not 
generally supersymmetric. In this respect it is similar to SUSY extensions 
of the standard model for which also super-symmetry is broken. 

3.2 Dysonization of the t — J Hamiltonian 

Dyson's key insight was to define magnons as bosonic with respect to a 
non-standard inner product. For the t — J model we wish to take that 
scheme one step further and define a 'Dyson fermion' in addition to the 
Dyson bosons we have already alluded to. 

In order to represent the t — J Hamiltonian in terms of Dyson bosons 
and fermions first let us consider a single super-multiplet corresponding 
to the states at a single site. The basis states for a super-multiplet that 
we have so far adopted are the 4s -I- 1 states |s,m > and |s — 1/2, fi > 
where m = — s, . . . , -\-s and /i — — (s — 1/2), . . . ,s — 1/2. 

Following Dyson we now introduce the alternative basis states 

\u,0)=F^,o\s,-s + u), \u,l)=Fu,i\s-l/2,^{s-l/2)+u) (40) 

where u = 0, ... ,2s for the \u, 0) states and u = 0, ... ,2s — 1 for the 
|u, 1) states. Thus |0, 0) corresponds to having a spin s at the site that is 
maximally down; \u,0} corresponds to raising the spin u times. Similarly 
|0, 1) corresponds to having a spin s — 1/2 at the site that is maximally 
down; |u, 1) corresponds to raising that spin u times. The states \u,0) 
are neutral; the states |u, 1) correspond to having a net charge +e on the 
site. Usually these sites are described as holons; in light of the supersym- 
metry discussion above, it seems natural to associate the charge with the 
presence of a non-Hermitian 'Dyson fermion'. Thus the filling fraction of 
Dyson fermions {i.e. the number of Dyson fermions per lattice site) is 
equal to the doping parameter x. 

The states in this basis are orthogonal to each other but not normal- 
ized: 

{u,a\v,b) ^ F^^^SabSuv. (41) 

The normalization factors Fu,a are chosen judiciously: 

S'^\u,a) = V2sVuTT\u + l,a); (42) 

so as to maintain the action of S'^ as a bosonic raising operator. This is 
accomplished by defining 

\u,a} = ^^{S+r\0,a}, (43) 

V2s vu! 

which corresponds to the choice 

iV^'f. 2V A ^-1 + a^'/' 



^-^=\}-Ys) \}-Ts) ■■■[' 2^) • (^^) 

The \u,a) basis is fully specified by eqs (|40|) and (|44|) or equivalently by 
eq dSl- 
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We may now determine the action of all the super-spin operators in 
this basis. The results are 



S \u,a) = V 


2sVu+ l\u + l,a) 




5* \u,a) = V 


2I 


1 


u — 1 + a 
2s 


1/2| 


5*2 |u, a) = ( 


-s + 


u+^) \u,a) 


A\u,a) = a 


u,a) 




muting elements of the super-algebra, and 


T+\u,0) 


= 


V2^\u, 1) 


T+\u,l} 


= 





T-\u,0} 


= 





T-\u,l} 


= 


"1- J]^«,0) 


R+\u,0) 


= 


u^^^\u- 1,1) 


R+\u,l) 


= 





R'\u,0) 


= 





R-\u,l) 


= 




(^.+1)^/'^ 


+ 1,0), 



l,a) 



(45) 



(46) 



for the anti-commuting elements. Now consider a different Hilbert space 
inhabited by a single Bose creation and annihilation operator pair {b,b^) 
and a Fermi pair {a, a') that satisfy the canonical commutation relations 



[b,b'] 
{a, a''} 



1, a 



,t2 



0. 



(47) 



We also suppose [a,b] — [a\b] — [a, 6^] — [a\b^] — 0. The creation and 
annihilation operators are adjoints of each other under the kinematical 
inner product in this Hilbert space. One can show inexorably from these 
assumptions that the basic states of this Hilbert space are \u, 0) and \u, 1) 
where u = 0, 1, 2, . . . The state |0, 0) has the defining characteristic 



6|0,0) = alO,0) = 0; 
it contains neither a b boson not an a fermion. The state 

\u,o) = ^{b^r\o,o) 



(48) 



(49) 



contains u bosons and no fermions. The state 



u,l) = ^{b'ra'\0,0) 



(50) 



contains u bosons and one fermion. These states are orthonormal under 
the kinematic inner product 



(U,a|t;,6)kin = Su.vSa,b- 



(51) 



We now establish the following mapping between the states of a super- 
multiplet and the bose-fermi Hilbert space discussed above. The mapping 
is 

\u,a} — )> \u,a) (52) 
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Here u = 0, ... ,2s for a — and u = 0, . . . ,2s — 1 for a = 1. States with 
more bosons have no counter-part in the super-spin space. 

As before this correspondence exports a dynamical inner product to 
the Bose-Fermi Hilbert space 



{u, a\v, &)dyn = F^aSuvSab- 



(53) 



We assume Fu,o ~ for u > 2s and Fu.i = for it > 2s — 1. Thus states 
with a greater number of bosons are weightless. 

The mapping eq (|52|) also allows us to establish a correspondence be- 
tween super-spin and bose and fermi operators. The correspondence fol- 
lows from eqs (|45|l and eq (|46p and is as follows 



S+ -^ ^/2sV 



bt&-f a+c 



2s 



/2s6 



5. ^ (-S -h fetfe + -a+a) 



T+ -^ V2sa^ 



T" 



A -^ a' a 
h^b + a'a 



2s 



2sa 



i?+ -> ba^ 



R' -^ ab\ (54) 



3.2.1 Ferromagnetic t-J model 



Now let us consider the t — J model eq (3-37). For the cuprates we are 
interested in anti- ferromagnetic coupling (J > 0) but it is instructive to 
first consider the case of ferromagnetic coupling, J < 0. 

We introduce a single boson b(r), b (r) and a single fermion a(r), a' (r) 
at each site of the lattice. Bose and Fermi creation and annihilation 
operators at the same site are taken to be adjoints of each other under 
the kinematic inner product. Using the correspondence between super- 
spin operators and bose and fermi operators, eq (|54|l . we may write the 
t — J Hamiltonian as 

Ht-j = -2TsY^[a''{r + d)a{r) + a\r)a{r + S)] 

r,<5 

+ IJsY^[ b^{r)b(r) - b^(v + S)b{r)] + ... (55) 



In eq (|55|) we have written out the leading quadratic term in the Dyson 
representation of the ferromagnetic t — J Hamiltonian. At this level, it is 
a theory of non- interacting bosonic spin- waves ( "magnons" ) and fermions 
with charge +e ( "magninos" ) . 

The interaction terms that were omitted in eq H55p and are presumably 
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small in this representation, are given by 
Hint = -r^bt(j.)fo(r)a(r)at(r + <5) 

r,<5 

-r ^[&(r + S)b\v)a^v + S)a{v) + b'^{r)b{v + S)a'' {r)a{v + S)] 

r,<5 

-^ E[^'('-)Kr) + ]ra\r)a{v)][b\r + S)b(r + S) + U^r + S)a{r + S)] 



+ ^ E[at(r)a(r) + bHr)b{r)][b\r + S)b(v)]. 



4 

r,S 



The full t -- J Hamiltonian, Ht-j is not self-adjoint under the kinematic 
inner product (Hl_ j 7^ Ht~j)\ however it is self-adjoint under the dy- 
namical inner product, Ht_j = Ht-j. 

3.2.2 Anti-ferromagnetic t-J model 

For the anti-ferromagnetic t—J model, as for the Heisenberg anti-ferromagnet, 
it is convenient to imagine a pair of interpenetrating square lattices. The 
t — J Hamiltonian may then be re-written 

Ht-j = -r^iflf (r + <5)i?L'>(r) + i?V"(r)i?L"(r + 5)] 
-^ I][r+ ' (r + S)T-^ (r) + r+ ' (r)Tl'' (r + 6)] 

T.S 

+jE[Si''(r)Sp'(r + 5)- {A^'^W - 2s}{yl<^'(r + 5)- 2s}] 
+ 1 Y,[S^^^ (r + 5)5i^' (r) + S« (r)si^) (r + 5)]. (57) 



The sum over r in eq (|57|l extends over the sites of the first lattice; the 
sum over 5 extends over the four nearest neighbors of each site. The 
superscripts ^^' and '^' over the super-spin operators serve to remind us 
that the spin is on lattice one or lattice two respectively. 

At least for light doping it makes sense to assume that the Neel state 
is a good starting point for the ground state of the t — J model. In the 
Neel state the spin is maximally down at each site of the first lattice; it 
is maximally up at each site of the second lattice. The magnitude of the 
spin is s — 1/2 at sites occupied by a hole. It is s at all other sites. In 
representing the Neel state in terms of Dyson bosons and fermions we 
shall take the Neel state to have zero bosons and to have Dyson fermions 
at all the sites with holes. 

To this end we establish a second mapping between the states of a 
single super-spin and the Hilbert space of a single boson and fermion. 
In this mapping we identify the states with spin maximally up as the 
state with zero bosons whereas before we had assigned this part to spin 
maximally down. Thus we introduce the basis 

1m,0) = Gu,o\s,s ~ u) 

\u,l) = Gu,i\s~l/2,s-l/2-u) (58) 
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(56) 



in place of eq H40p . This time we choose 



l\-^/V, 2\-^/^ / n-l + a^-l/^ 



^-=(,1-2;; ['-Ys) ■■■[' 2^) • (^9) 

As before we then establish a mapping \u,a) between the states of the 
super-spin and the states \u, a) of a bose-fermi system. By virtue of this 
correspondence we obtain a second mapping between super-spin and bose 
and fermi operators: 

5'+ -^ V2sb S- -^ ^2s6t (l - blb±aia 



2sb 








S, -^ {s - 


-fetfc- 


-iat, 


^) 


R+ ^V2i 


K- 


2s)' 




T+^ba\ 









2s 

A — >■ a^a, 
R~ — >■ \/2sa, 

T- -^ b'^a. (60) 

In order to write the t — J Hamiltonian in terms of bosons and fermions 
we use the first correspondence eq (|54l) on the first lattice and the second 
correspondence eq (|60l) on the second lattice. Keeping the leading terms 
up to cubic order we obtain a novel representation of the t — J Hamiltonian 
in terms of bosons and fermions: 

ht-j = JsYyb{{r)bi{r) + bl{v + S)b2{r + 8)] 

r.S 

+Js Y,[al{r)ai{r) + 4(r + S)a2{r + S)] 
-f Js^[6i(r)62(r + d) + 4(r + S)bl{r)] 

r,S 

-rx/2J^[al(r)a2(r + 5)6i(r) + 4(r + d)ai{r)bl{r)] 
-TV2^Y^[al{r)a2ir + 5)bl{r + S) + al{r + <5)ai(r)&2(r + <5)] + . . . 

r,<5 

(61) 

The remaining interaction terms which are quartic and quintic are pre- 
sumably small in this representation, but we leave these calculations for 
future work, as our purpose here is simply to construct the relevant for- 
malism. 

The essential physics of the t — J model in this regime is thus revealed 
to be that of charged non-Hermitian fermions hopping in a background of 
spin-waves. This represents a novel formulation of the problem of weakly 
doped anti-ferromagnets that has been extensively studied beginning with 
the seminal work of Kane ei aZ [9] . It is a tantalizing possibility that the 
non-Hermitian quasi-particles defined here may shed new light on the 
underlying physics of high Tc materials. 

4 Conclusion 

The applications of non-Hermitian quantum mechanics may extend be- 
yond the realm of fundamental physics into the emergent world of con- 
densed matter. Dyson unwittingly discovered non-Hermitian quantum 
mechanics in 1956 [6] when he found that high precision calculations 
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of interacting spin waves in a ferromagnet were facilitated by use of a 
non-Hermitian Hamiltonian. Dyson's technique of defining quasi-particles 
with respect to a non-standard inner product allows for a novel way of 
writing the t-J Hamiltonian; this new form of the t-J Hamiltonian may 
prove more wieldy to calculations and even shed some light on the physics 
that underlies high temperature superconductivity, arguably the most out- 
standing problem in theoretical condensed matter physics |10) . 



References 

[2: 



[3; 

[4] 
[5] 
[6] 

[7] 

[8] 
[9] 

[lo; 
[11 

[12 



Anderson, P.W. 1997 Basic Notions of Condensed Matter Physics 
Westview Press, 2nd edition. 



Auerbach, A. 1994 Interacting Electrons and Quantum Magnetism, 
Springer, New York. 

Bares, P.A. & Blatter, G. 1990 Supersymmetric t-J model in one di- 
mension - separation of spin and charge, Phys. Rev. Lett. 64, 2567. 
1990. 

Bender, CM. 2007 Making Sense of Non-Hermitian Hamiltonians, 
Rept. Prog. Phys. 70, 947. 

Bender, CM. & Boettcher, S. 1998 Real Spectra in Non-Hermitian 
Hamiltonians Having PT Symmetry, Phys Rev Lett 80, 5243. 

Dyson, F.J. 1956 General Theory of Spin- Wave Interactions, Phys 
Rev 102, 1217. 

Harris, A.B., Kumar, D. , Halperin, B.I. & Hohenberg,P.C. 1971 
Dynamics of an Antiferromagnet at Low Temperatures: Spin- Wave 
Damping and Hydrodynamics, Phys. Rev. B3, 961. 

Jones-Smith, K. 2010 Non-Hermitian Quantum Mechanics, Ph.D 
Thesis, Case Western Reserve University. 

Kane,C.L., Lee, P.A. & Read,N. 1989 Motion of a single hole in a 
quantum antiferromagnet, Phys. Rev B 39, 6880. 

Leggett,A.J. 2006 What DO we know about high Tc?, Nature Physics, 
2, 134. 

Manousakis,E. 1991 The spin 1/2 Heisenberg antiferromagnet on a 
square lattice and its application to the cuprous oxides. Rev. Mod. 
Phys. 63, 1. 

Weigmann, P.C 1988 Superconductivity in strongly correlated elec- 
tronic systems and confinement vs de-confinement phenomena, Phys. 
Rev. Lett. 60, 821. 



16 



